
Chapter 1

Communicating SequentialProcesses
and Deadlock

Intr oduction

This chapteris concernedwith laying themathematicalfoundationsfor thethesis.In
orderto constructrigorousdesignrulesfor programdesign,wemust®rstde®neapro-
grammingenvironment.ThischapterintroducestheCSPlanguageof C. A. R. Hoare,
which standsfor CommunicatingSequentialProcesses[Hoare1985]. It is a notation
for describingpatternsof communicationbyalgebraicexpressions.Thesemaybeman-
ipulatedandtransformedaccordingtovariouslawsin ordertoestablishimportantprop-
ertiesof thesystembeingdescribed.

BehindCSPliesamathematicaltheoryof failuresanddivergences. Hereaprocess
is de®nedin termsof abstractsetsrepresentingcircumstancesunderwhich it mightbe
observedto go wrong. The modelsuppliesa precisemathematicalmeaningto CSP
processes,andis consistentwith thealgebraiclawswhichgovernthem.

Thestandardoperationalmodelof CSPis alsodescribed.Hereprocessesarerep-
resentedby transitionsystemswhich illustratetheir innermachinery. Thereis a close
relationshipbetweentheoperationalmodelof CSPandtheFailures-Divergencesmodel
which meansthat the formermaybeusedto provepropertiesof a systemphrasedin
termsof thelatter.

Followingthis, theconceptof deadlockis formalisedandwe introducetechniques
for deadlockanalysis,developedbyS.D.Brookes,A.W.RoscoeandN.Dathi.Theprob-
lemof livelock is alsoconsidered.

CSPisnotaprogramminglanguagestrictlyspeaking;it isamathematicalnotation.
Howeverthereareanumberof concurrentprogramminglanguagesbasedonCSP, such
asoccam andAda,sotheoreticalresultsderivedusingthismodelareapplicableto real
programming.
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6 CHAPTER1. CSPAND DEADLOCK

1.1 The CSPLanguage

Thebasicsyntaxof CSPis describedby thefollowing grammar

Process ����� STOP
�

�

�

SKIP
�

�

�

event� Process
�

�

�

Process� Process
�

�

�

Process �	� alph � alph 
�� Process
�

�

�

Process����� Process
�

�

�

Process
 Process
�

�

�

Process� Process
�

�

�

Process� event
�

�

�

���

Process�

�

�

�

name
�

�

�

� name� Process

Hereeventrangesovera universalsetof events,� , alph rangesoversubsetsof � ,
�

rangesovera setof functionnames,andnamerangesoverasetof processnames.
A processdescribesthebehaviourof anobjectin termsof theeventsin which it

mayengage.Thesimplestprocessof all is STOP. This is theprocesswhichrepresents
adeadlockedobject.It neverengagesin anyevent.Anotherprimitive processis SKIP
which doesnothingbut terminatesuccessfully;it only performsthespecialevent � ,
whichrepresentssuccessfultermination.

An eventmaybecombinedwith aprocessusingthepre®xoperator, written � . The
processbang � UNIVERSEdescribesanobjectwhich®rstengagesin eventbangthen
behavesaccordingtoprocessUNIVERSE. If wewanttogivethisnewprocessthename
CREATIONwewrite thisasanequation

CREATION � bang � UNIVERSE

Processesmaybede®nedin termsof themselvesusingtheprincipleof recursion.
Consideraprocessto describetheticking of aneverlastingclock.

CLOCK � tick � CLOCK

CLOCKis a processwhichperformseventtick andthenstartsagain.(This is a some-
what abstractde®nition.No informationis given asto the durationor frequencyof
ticks. Wearesimply told thattheclockwill keepon ticking.)
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In analgebraicsenseCLOCKhasbeende®nedasthesolutionto anequationof the
form �

���

�

�

�

It is notalwaysthecasein mathematicsthatsuchequationshavesolutions(e.g. there
is norealsolutionto �

�

�������	��
 ). Fortunatelytheunderlyingmathematicaltheory
of CSPguaranteesthatsolutionsexistto all suchequations.Thereasonfor thiswill be
explainedlater. Thesolutionto

�

���

�

�

� is written
��


�

�

�




�

where 
 is adummyprocessvariable.Usingthisnotationwecouldwrite CLOCKas
��


� tick �




The recursivenotationis commonlyextendedto a setof simultaneousequations
whereanumberof processesarede®nedin termsof eachother. Thisisknownasmutual
recursion,severalexamplesof whichwill befoundin laterchapters.

Therearea numberof CSPoperationswhichcombinetwo processesto producea
newone.The®rstof thesethatweshallconsideris sequentialcomposition.

UNIVERSE� EXPAND � CONTRACT

is theprocesswhich®rstbehaveslike EXPAND, butwhenEXPANDis readyto termi-
nateit continuesby behavinglike CONTRACT. Howeverit mayalsobepossiblethat
EXPANDwill neverterminate.

It is rathermorecomplicatedtocomposetwoprocessesin parallelthanin sequence.
It is necessaryto specifya setof eventsfor eachprocess,knownasits alphabet. The
processdenoted

PANTOHORSE�

FRONT
� ��� forward,backward,nod� ��� forward,backward,wag��
 �

BACK

representstheparallelcompositionof two processes:FRONTwith alphabet� forward,
backward,nod� andBACKwith alphabet� forward,backward,wag� . Hereeachprocess
behavesaccordingto its own de®nition,but with theconstraintthateventswhich are
in thealphabetof bothFRONTandBACK, i.e. forward andbackward, requiretheir
simultaneousparticipation.Howevertheymayprogressindependentlyonthoseevents
belongingsolelyto theirownalphabet.If asituationwereto arisewhereFRONTcould
only performeventforward andBACKcouldonly performeventbackward thendead-
lock wouldhaveoccurred.

Parallelcompositionmaybeextendedto threeor moreprocesses;givenasequence
of processes�

��������������� �"!$# with correspondingalphabets�&%'�������(%	!�# wewrite their
parallelcompositionas

PAR
�

� �

� )�* +(,

�

�

�

+

� %

+

�
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Notethatit is implicitly assumedthattheterminationevent
�

requiresthejoint partic-
ipationof eachprocess�

+ , whetheror not it is includedin theirprocessalphabets.
An alternativeform of parallelcompositionis interleaving, wherethereis nocom-

municationbetweenthecomponentprocesses.In theparallelcombination

BRAIN ��� � MOUTH

thetwo processes,BRAINandMOUTH, progressindependentlyof eachotherandno
cooperationis requiredon anyevent,exceptfor � , theterminationevent.Any other
actionswhicharepossiblefor bothprocesseswill only beperformedby oneprocessat
a time. Interleavingis acommutativeandassociativeoperationandsowemayextend
thenotationto variousindexedforms,suchas

��� �

*

+(,

�

�

*

�

� ������� �

�

�

A usefulfeatureof CSPis theability to describenondeterministicbehaviour, which
is whereaprocessmayoperatein anunpredictablemanner. Theprocess

BUFFER � TWOPLACE
 THREEPLACE

maybehaveeitherlike processTWOPLACEor like processTHREEPLACE, but there
is nowayof telling which in advance.Thepurposeof the 
 operatoris to specifycon-
currentsystemsin anabstractmanner. At thedesignstage,thereisnoreasontoprovide
anymoredetailthanisnecessaryand,wherepossible,implementationdecisionsshould
bedeferreduntil later.

This operationis knownasinternal choice. CSPalsocontainsanexternalchoice
operator� which enablesthefuturebehaviourof a processto becontrolledby other
processesrunningalongsideit in parallel,which,collectively, wecall its environment.

Theprocess
MW � DEFROST� COOK

maybehavelike DEFROSTor like COOK. Itsbehaviourmaybecontrolledby itsenvi-
ronmentprovidedthatthiscontrolis exercisedonthevery®rstevent.If aninitial event
button1is offeredby DEFROSTthatis notaninitial eventof COOK, thentheenviron-
mentmaycoerceMWintobehavinglike DEFROST,byperformingbutton1asits initial
event.If, however, theenvironmentweretoofferaninitial eventthatisallowedbyboth
DEFROSTandCOOKthenthechoicebetweenthemwouldbenondeterministic.

Both thechoiceoperatorsmaybeextendedto indexedforms.Wewrite

�

��� �

� �

�

�

to representthebehaviourof anobjectwhichoffersanyeventof aset % to its environ-
ment.Oncesomeinitial event� hasbeenperformedthefuturebehaviourof theobject
is describedby theprocess�

� . However, theprocess




��� �

� �

�

�
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(where,for technicalreasons,% mustbe®nite)offersexactlyoneevent� from % to its
environment,thechoicebeingnon-deterministic.

Sometimesit is usefulto beableto restrictthede®nitionof aprocessto asubsetof
relevanteventsthatit performs.Thisisdoneusingthehidingoperator( � ). Theprocess

CREATION � bang

behaveslike CREATION,exceptthateachoccurrenceof eventbangisconcealed.Note
thatit is notpermittedto hideevent � .

Concealmentmayintroducenondeterminisminto deterministicprocesses.It may
alsointroducethephenomenonof divergence. Thisisadrasticsituationwhereaprocess
performsanendlessseriesof hiddenactions.Consider, for instance,theprocess

CLOCK � tick

which is clearlya divergentprocess.
It is conventionalto extendthenotationto �

�

% , where% is a®nitesetof events.
Finally let usbrie¯y considerprocessrelabelling. Let

�

beanalphabettransfor-
mationfunction

�

�

� � � , whichsatis®esthepropertythatonly ®nitelymanyevents
maybemappedontoasingleevent.Thentheprocess

� �

�

� canperformtheevent
�����

�

whenever� canperformevent
�

. As anexampleconsidera functionnewwhichmaps
tick to tock. Thenwehave

new
�

CLOCK�

� tock � new
�

CLOCK�

SomeimportantalgebraiclawswhichgovernCSPprocessesaregivenin ®gures1.1
and1.2,whichvaryin complexity. Theyaretakenfrom[Hoare1985],[Brookes1983],
and[BrookesandRoscoe1985a]. (In somecasesthesyntaxhasbeenmodi®edto con-
form to theversionof CSPdescribedabove.)Notethatthis is notacompletelist. The
following exampleillustratestheuseof theselaws.

Consideraprocessto describeavendingmachinewhichsellsteafor apriceof one
coinandcoffeefor two coins.

VM � coin �

� �

tea � VM� �

�

coin � coffee� VM � �

After insertingacoin,acustomercancontrolthefuturebehaviourof themachineby
eitherinsertinganothercoin,or takinga cupof tea.

We nowde®nea processwhichdescribesa particularcustomerwho lovesteaand
ispreparedtopayfor it. Coffeehewill tolerate,butonly if it isprovidedfreeof charge.

TD �

�

coin � tea � TD� �

�

coffee� TD �
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To illustratetheuseof algebraiclawsto simplify CSPprocessde®nitions,consider
whathappenswhenthe teadrinker tries to usethevendingmachine.Both processes
havealphabet� coin,coffee,tea� .

SYSTEM � VM � ��� coin,coffee,tea� � � coin,coffee,tea � 
 � TD

�

��

�

�

coin �

� �

tea � VM� �

�

coin � coffee� VM � � �

� ��� coin,coffee,tea � ��� coin,coffee,tea ��
 �

� �

coin � tea � TD � �

�

coffee� TD� �

���

�

� coin �

��

�

� �

tea � VM � �

�

coin � coffee� VM� �

� � � coin,coffee,tea � ��� coin,coffee,tea � 
��

tea � TD

� �

�

usinglaw 1.22with
�

�

� coin�

�




�

� coin,coffee�

��� �

� coin�

� coin � tea �

�

VM �	� � coin,coffee,tea � ��� coin,coffee,tea � 
�� TD�

usinglaw 1.22with
�

�

� tea,coin�

�




�

� tea�

��� �

� tea�

� coin � tea � SYSTEM

Thesystemhasbeenreducedto a very simplesequentialde®nition.We seethat
althoughno coffeewill beconsumedin thissituation,thesystemwill neverdeadlock.

Theaccountof theCSPlanguagegivenhereis incomplete.Only thecorelanguage
hasbeenconsideredwith certaiǹ advanced'operatorsomitted.Thelanguagedescribed
correspondsto themodernversionof CSP, asgivenin [FormalSystems1993],which
differsslightly from thelanguagepresentedin Hoare's book[Hoare1985].
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Figure1.1: Lawsof CSPI

SKIP �

� � �

� SKIP � � (1.1)

STOP �

� � STOP (1.2)
�

�

����� ���

� �

�

�

� ��� � (1.3)
���

�

�

� ���

�

�

�

�

�

����� (1.4)
�

� �

%

��� 
 ���

�

� �	�	� �

%


��

� (1.5)
�

�	�

%

����

� 
 �

�

� �	�	� ��� 
���� �

�

�

�

� �

%

�	� 
 ��� � � �

%


�� ��� 
 ��� (1.6)
�

� �����

�

� ��� �

� (1.7)
�

��� � SKIP � � (1.8)
�

�����

�

� ��� ��� �

�

�

�

��� ��� � ��� ��� (1.9)
�




� � � (1.10)
�


��

�

� 


� (1.11)
�




�

� 
�� �

�

�

�


���� 
�� (1.12)
�

�

� � � (1.13)
�

���

�

� �

� (1.14)
�

�

�

� ��� �

�

�

�

��� � ��� (1.15)
�

�	�

%

�	� 
 �

�

� 
�� �

�

�

�

� �

%

�	� 
 ��� � 


�

�

�	�

%

�	� 
���� �

(1.16)
�

�

�

� 
�� �

�

�

�

��� � 


�

�

��� � (1.17)
�




�

� ��� �

�

�

�


���� �

�

�


�� � (1.18)
�

� �

�

� �

�

� � ���

�

�

� �

�

� 


�

� � ���

�

� �

�

�


�� � (1.19)
�

� STOP � � (1.20)

�

��� ���

� �

�

�

� STOP (1.21)
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Figure1.2: Lawsof CSPII

Let � �

�

��� �

� �

�

�

�

�

���

�����

� ���

Then �

�	�

%

��� 
 ���

�

���

�
	��

�

�

�

��
 � �

%

��� 
�� ����
��

where �

��


�

�

�

� if ���

�

� otherwise

and � � 


�

�

��� if ���




� otherwise
and � �

�

���




� 


�

�

�

� � 


�




�

%

�

assuming
���

% and 


�

� (1.22)

���

���

���

�

�

� � ���������

�! 

�#"

� �$� �

�

�

�%�

���

���

�

�

�

� ��� ���&�

�! 

�'"

� �(� � � � � �

�

���

�! 

�#"

�

�

�$� � �����%�

���

���

�

�

� � � � � (1.23)

SKIP �'�

� SKIP (1.24)

STOP �'�

� STOP (1.25)
�

�

�'� � �

�

�

�

�

�

�

� � � (1.26)
�

� �

�

� �'�

� �

� � (1.27)
�

� �

�

� �

�

�

� �

�

�

�

�

� if �*)

�

� (1.28)
�

�

� � � �'�

�

�

�

� � � �

�

� � � � (1.29)
�

�

� �

%

��� 
�� � � �'�

� �

�	�

%

���

�

� � ��
 �

�

� � � �

if �+)

�

% (1.30)
�

�


�� � �'�

�

�

�

� � � 


�

� � � � (1.31)
� �

� �

�

� �

�

�

� ��� � �'�

�

�

�

� � � 


� �

�

� � � �

�

�

�

�

� �'� � � �

if �*)

�

� (1.32)
���

STOP�

� STOP (1.33)
�����

�

�

�

�

��� �

� �

���

�

� (1.34)
���

�

� � �

�

���

�

� �

� �

� � if
�-,

�

�

� �

�

� � � (1.35)
���

�

��� ��� �

�

���

�

� ��� �

���

��� (1.36)
���

�

��� �

�

���

�

� �

���

��� (1.37)
���

�


�� �

�

���

�

� 


���

��� (1.38)
� �

�

�

�
,

�

�

� � �

�

���

�

� � � (1.39)



1.2. THE FAILURES-DIVERGENCESMODEL 13

1.2 The Failur es-DivergencesModel

In theprecedingsectiontheconceptof communicatingprocesseswasintroducedinfor-
mallyandthecorrespondingalgebraiclawswerestatedwithoutmathematicaljusti®ca-
tion. In thissectionaprecisesemanticde®nitionof CSPprocessesis givenfromwhich
the lawscanbededuced.This is knownastheFailures-Divergencesmodel. Herea
processis de®nedin termsof importantobservableproperties± traces, failuresand
divergences.

A traceof aprocess� is any®nitesequenceof eventsthatit mayinitially perform.
For instance

�

� coffee,coffee,coffee# � � coin,tea#

��� traces
�����

�

Thefollowing usefuloperationsarede®nedon traces

� Catenation:���
	

�

�

���

�

�

�������

���

#

�

�

	

� �

	

�

�������

	

*

# ���

�

� �������

�
�

�

	

� ����� �

	

*

#

� Restriction: ��� � � , trace � restrictedto elementsof set �

Example: �

�

�

�

�

"

��� �

�

��� �

�

#

�� �

�

�

�

�

"

�

� �

�

�

�

�

"

�

�

�

�

#

� Replication: �

* trace � repeated� times.

Example: �

�

�

�

#

�

� �

�

�

�

�

�

�

�

#

� Count: ��� � numberof occurrencesof event � in trace �

Example: �

�

�

�

�

�

�

�

�

�

#

� �

���

� Length: ��� � thelengthof trace � .

Example: �

�

�

�

�

�

"

#

�

���

� Merging: merge
�

�

�

	 � thesetof all possibleinterleavingsof trace � with trace
	

Example: merge
�

�

�

�

�

#�� �

"

#

�

�

�

�

�

�

�

�

"

# � �

�

�

"

�

�

# � �

"

�

�

�

�

#

�

A complicationto traceinterleavingis that the � eventrequiresthe joint par-
ticipation of both traces.This meansthat a tracewhich contains � cannotbe
interleavedwith onethatdoesnot.

Examples: merge
�

�

�

�

�

�

�

# � �

"

�

�

#

�

�

��

�

��

�

�

�

�

�

"

�

�

# �

�

�

�

"

�

�

�

�

# �

�

"

�

�

�

�

�

�

#

� ��

�

�

merge
�

�

�

�

�

�

�

# � �

"

#

�

�

� �
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Thefailuresof aprocessdescribethecircumstancesunderwhichit mightdeadlock.
Eachfailure of a process� consistsof a pair

�

�

�

�

� where � is a traceof � and
�

is
a setof eventswhich if offeredto � by its environmentafterit hasperformedtrace � ,
mightbecompletelyrefused.For instance

�

� coin,tea,coin,tea,coin,coin #��

� tea,coin� �

� failures
�

VM�

This describesa situationwherethevendingmachineVM hasdispensedtwo cupsof
teaandthenacceptedtwo coins.At this point themachineis willing only to dispense
coffee. If a userarriveswho wantstea,andis only preparedto takea cupof teaor to
insertanothercoin thendeadlockwill ensue.

Theconceptof failuresis commonlyusedto write speci®cationsfor thebehaviour
of CSPprocesses.Considerthefollowing speci®cation.

� �

�

�

�

�

� failures
�

�

�

�

� � in � ��� out ��� out )

�

�

This statesthatwheneverprocess� hasperformedthe eventin moreoften thanthe
eventout it mustguaranteenot to refuseeventout. Thismight form partof theoverall
speci®cationfor abuffer.

Thedivergencesof aprocessarealist of thetracesafterwhichit mightdiverge,e.g.
� #

� divergences
�

CLOCK � tick �

Thereareseveralfurtheraspectsof notationthatareneededin orderto de®nethe
modelwhich areasfollows. The Power-Setof a set % , written �

% , consistsof all
subsetsof % . TheFinite Power-Setof % , written �

�

%

� , consistsof all ®nitesubsetsof
% . Thesetof all ®nitesequences(including �&# ) thatmaybeformedfrom elementsof
% is written %�� .

TheFailures-Divergencesmodelis basedonauniversalsetof events� . EachCSP
processis uniquelyde®nedby a pair of sets

�

� �

�

� , correspondingto its failuresand
divergences, suchthat

�

�

�

�	�

� �

�

�

�

�

Therearesevenaxiomsthat sucha pair of setsmustsatisfyin orderto qualify asa
process.(Notethatthereareseveralversionsof thesein existencein theliterature.This
versioncomesfrom [BrookesandRoscoe1985a].)

(1)
�

� #��

��� �

�

�

(2)
�

�
�

	

�

��� �

�

� ���

�

�

�

� � �

�

�

(3)
�

�

�




�

�

��


� �




���

�

�

�

�

�

�

�

(4)
�

�

�

�

�

�

��


�
�

"

�




�

� �

�
�

�

"

# �

� � � )

�

�

� �

���

�

�

�

�







�

�

�

(5)
�

�




�

�

�

�

�

�

�

�

�




�

�

�

�

���

�

�

�

�

�

�

�

(6) �

�

�




	

�

�

�

���

��� 	

�

�

(7) �

�

�




���

�

���

�

�

�

�

�

�

�
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Puttingthe®rstfour axiomsinto wordstellsusthateveryprocessstartsoff with an
emptytrace(axiom1). In ordertoperformtrace� , it mustbeabletoperformanypre®x
of � (axiom2). A subsetof a refusalsetis alsoa refusalset(axiom3). If theprocess
canrefusetheeventsin

�

, andcannotperformanyof theeventsin 
 asits nextstep,
thenit mayalsorefuse

�





 (axiom4). Theseareall basicintuitive propertiesof
processes.

Axiom 5 statesthatasetmayberefusedif all its ®nitesubsetsmayberefused.This
is to allow for thepossibilityof � beinganin®nitesetwithoutcomplicatingthetheory.

Axioms6 and7 statethatonceaprocessdivergesit maysubsequentlyperformany
traceimaginableandwill behavein a totally nondeterministicmanner. This is a rather
harshtreatmentof thephenomenonof divergence.If weputourCLOCKin avacuumto
hideits ticking wewouldnotexpectsuchdramaticbehaviour. It is, however, aconve-
nientmeanstomakethetheorywork betterbasedontheassumptionthatthepossibility
of divergenceis catastrophic(see[Roscoe1994]).

Thereis a naturalpartial order (seeappendixA) on thesetof all processesgiven
by

�

� ���

�

�

���

�

�

�

�

�

�

���

� � �����

�




�

���

�

�

The interpretationof this is that process�
� is worsethan �

�

if it candeadlockor
divergewhenever�

�

can.Thisorderingis in factacompletepartial order. Thebottom,
or worst,element� representsthe processwhich alwaysdiverges,correspondingto
thedecisionto treatthis form of behaviourastheleastdesirable.It is achaoticprocess
which cando absolutelyanythingin a totally unpredictablemanner. It is de®nedas
follows.

failures
�

� �

�

�

�	�

� �

divergences
�

� �

�

�

�

Thefailuresanddivergencesof thefundamentalCSPtermsarede®nedin ®gures
1.3 and1.4. (Thesearethe sameasin [BrookesandRoscoe1985a], exceptthat the
de®nitionsof parallelcompositionandinterleavingaremodi®edto re¯ect thefact that
in themodernversionof CSPtheseoperatorsimplicitly requirethecooperationof both
processesin performingthe � event.)Thiscoversall closed,non-recursiveCSPterms.

All of theCSPoperatorscanbeshownto bewell-de®ned. In otherwords,if you
applyanyof themtoexistingCSPprocesses,theresultingobjectwill itselfbeaprocess:
its failuresanddivergencesobeyingthesevenaxiomsof themodel.Theyarealsocon-
tinuous, with respectto � . This is importantbecauseit meansthatanyrecursiveCSP
equationof theform

�

� �

�

�

� hasa solution,by Tarski's ®xedpoint theorem(see
appendixA). Theleastsolutionis givenby

�

�

�

�

�

�

�

�	�

�

� *

�

� � � �

� N �
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Thismeansthatif youwantto ®ndthesolutionto
�

���

�

�

� youstartat thebottom
� andrepeatedlyapply the function � to it. For instanceCLOCKis the limit of the
series

�

� tick � �

� tick � tick � �

� tick � tick � tick � �

�����

Thefailuresanddivergencesof �

�

�

�

�

�

� maybecalculatedasfollows

divergences
�

�

�

�

�

�

�

� �

� �

*�� N
divergences

�

� *

�

� � �

failures
�

�

�

�

�

�

�

� �

� �

*�� N
failures

�

� *

�

� � �

This is howwede®nethemeaningof recursionin CSP.
Thisapproachmaybeextendedto mutualrecursion,whereanumberof processes

arede®nedby asystemof simultaneousequations.Thetrick hereis to let
�

beavec-
tor of processes,satisfyinganequationof theform

�

� �

�

�

� . Thesolutionis then
de®nedastheleast®xedpointof � in thesamewayasbefore.

Whilst the fact that recursionis well-de®nedin CSPis crucial to the theory, it is
reallyonly of technicalinterestto adesignerof concurrentsystems.Basicallyit allows
him to specifyprocessesrecursively, assuredin theknowledgethatit is a soundprac-
tice.

Thefailures-divergences modelof CSPis usedfor formal reasoningaboutthebe-
haviourof concurrentsystemsde®nedby CSPequations.Thepartialorderingof non-
determinismis very importantto thestepwisere®nementof concurrentsystems.Start-
ing from anabstractnon-deterministicde®nition,detailsof componentsmaybeinde-
pendentlȳ eshedoutwhilst preservingimportantpropertiesof theoverallsystemsuch
asfreedomfrom deadlock.Thiswill beexplainedin moredetaillater.
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Figure1.3: DenotationalSemanticsfor CSPI
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Figure1.4: DenotationalSemanticsfor CSPII
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1.3 Operational Semantics

Sofar we haveencounteredtwo waysof looking at communicatingprocesses:®rstly
asalgebraicexpressionsandsecondlyin termsof abstractmathematicalsetsbasedon
theirobservablebehaviour. Thereis noobviouswayof seeingfromeitherof theserep-
resentationshowourprocessesmight berealisedon a machine.We needa morecon-
creteapproach±anoperationalmodel.Theoperationalsemanticsof CSPisamapping
fromCSPexpressionstostatetransitionsystems. A statetransitionsystemisalabelled
digraphwhereeachvertexrepresentsa statein which theprocessmayrest. Theout-
goingarcsfrom eachvertexrepresenttheeventsthat theprocessis readyto perform
whenin the associatedstate. Thedestinationvertexof eachof thesearcsrepresents
thenewstatethattheprocessattainsby performingtheassociatedevent.Thereis one
particularvertexthatis markedastheinitial stateof theprocess.A specialevent� is
usedto representconcealedeventsor internaldecisions.Stateswhich haveoutgoing

� -labelledarcsarecalledunstable. Thosewhichdonotarecalledstable.
Transitionsystemsfor certainprocessesthatwe havepreviouslyencounteredare

shownin ®gure1.5. Notethatrecursionis representedhereby thepresenceof circuits
in thedigraphs.

Figure1.5: StateTransitionSystems

T

tick      CLOCK

tick tea

coffee

coin

coin

coin

coffee

tea

coin      tea      TD
coffee      TD

coin
tea      VM

coin      coffee      VM

tea      VM
coin      coffee      VM

coffee      VM

tea      TD

VM

TD

CLOCK (
)

T

T

Theoperationalsemanticsof CSPisde®nedbyasetof inferenceruleswhichde®ne
amappingfromclosedCSPtermsto transitionsystems.Eachclauseconsistsof a(pos-
sibly empty)setof assertions�

% � ����� � %

*

� anda conclusion� presentedin theform

% ����������%

*

�
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Consider, for example,theruleswhichde®nesequentialcomposition.

� �
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�




�
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� � �

�

�

�

�




� � �

�

)

�

�
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�

�




�

�

� ����� � �

The®rstclausestatesthatif aprocess� canperformacertainevent
�

, where
�

canbe
anyeventexceptfor � , andits subsequentbehaviouris thendescribedby theprocess

�




, thenprocess�

��� canalsoperform
�

andits subsequentbehaviouris describedby
�




� � . Thesecondclausetellsusthatif � canterminatestraightaway, by performing
event � , then �

� � canperformaninternalevent� andthenbehavelike � .
The full setof operationalrules for the subsetof the CSPlanguagethat we are

usingis given in ®gures1.6 and1.7. Theseclausesaretakenfrom [Roscoe1988a]
and[FormalSystems1993]. Theymaybeusedto systematicallyconstructtransition
digraphsfrom systemsof CSPequations,asis doneby there®nementcheckingpro-
gramFDR [FormalSystems1993]. As anexample,let usconsiderhow thetransition
digraphfor processTD, ®gure1.5,isconstructed.Firstof all thede®ningCSPequation
is convertedinto a syntaxtreeasfollows

TD
�

coin � tea � TD � coffee� TD
�

coin � tea � TD coffee� TD
coin � coffee�

tea � TD TD
tea �

TD

Thesyntaxtreeshowshowthede®ningCSPtermfor TD is composedfrom operators
actingon sub-processes.Eachframedprocesstermrepresentsa potentialstateof TD
or astateof oneof its sub-processes.Wecanexpandsomeof thesestraightawayusing
theoperationalrule for eventpre®xing.

coin � tea � TD coin
� tea � TD

tea � TD tea
� TD

coffee� TD
coffee

� TD

We arenowreadyto expandtheexternalchoiceconstructwhichgivesus

coin � tea � TD � coffee� TD coin
� tea � TD
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coin � tea � TD � coffee� TD
coffee

� TD

Therule for recursionenablesusto makethefollowing connection.

TD �� coin � tea � TD � coffee� TD

It maynotbeimmediatelyobvioushowthisfollows from therulefor recursion,which
is phrasedin termsof the � operator. Thereasonthatit doesfollow is thatweareactu-
ally usingTD asanabbreviationfor

�

�

� coin � tea �

�

� coffee�

�

It is nowthecasethateverystatereachablefrom TD hasbeenexpanded,andtogether
theyconstitutea state-transitionsystemfor TD, which is

��

�

�

�

�

�

�

�

�

�

�

�

�

�

��

TD �� coin � tea � TD � coffee� TD

coin � tea � TD � coffee� TD coin
� tea � TD

coin � tea � TD � coffee� TD
coffee

� TD

tea � TD tea
� TD

� �

�

�

�

�

�

��

�

�

�

�

�

�

�

�

(Note thatstatescoin � tea � TD andcoffee � TD arenot reachablefrom TD.)
This givesusthe®nitestatemachineshownin ®gure1.5. It is importantto notethat
notall CSPexpressionshave®niteoperationalrepresentations.Somesimpleexamples
of in®nitestateprocessesaregivenin [Roscoe1994].

It is straightforwardto derive the failuresanddivergencesof a processfrom its
statetransitionsystem. Howevertheremay be manyoperationalrepresentationsof
a singleprocess,just astheremaybemanyalgebraicrepresentations.It is shownin
[Roscoe1988a] that the denotationalsemanticsof CSP, i.e. the failures-divergences
model,andtheoperationalsemanticsarecongruent. This meansthatif � is themap-
ping from operationalsemanticsto failuresanddivergences,andop is the represen-
tationof a CSPoperationin theoperationalmodel,andop is therepresentationof the
sameCSPoperationin thedenotationalmodelthenfor anyprocess� in theoperational
modelwehave

�

�

op
�

�

� �

� op
�

�

�

�

� �

Thismeansthatthebehaviourof aprocesspredictedby its failuresanddivergences
will bethesameasthatwhichcanbeobservedof its operationalrepresentation.Sowe
mayusetheoperationalsemanticsof CSPin ordertoprovepropertiesof processbehav-
iour whicharephrasedin theFailures-Divergencesmodel.This featureturnsout to be
particularlyusefulwhentheoperationalrepresentationof a processis ®nitealthough
its failuresanddivergencesarein®nite,asis usuallythecasein practice.Moreon this
in chapter3.
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Figure1.6: OperationalSemanticsfor CSPI
Primitiveprocesses:

SKIP
�

� STOP
Pre®x:

���

�

�

�

�

�

�

Externalchoice:
� �

�

�




�

�

�����

�

�

�




�

)

�

�

�

�

� �




�

�

��� �

�

� �




�

)

�

�

�

��

�




�

�

��� � ��

�

�




� ���

� �� �




�

�

��� � ��

�

�

���




�

Internalchoice:
�

�


�� ��� �

�

�

�


���� �� �

SequentialComposition:

�
�

�

�




�

�

� � �

�

�

�

�




� � �

�

)

�

�

�

�

�

�




�

�

� ����� � �



1.3. OPERATIONAL SEMANTICS 23

Figure1.7: OperationalSemanticsfor CSPII
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1.4 LanguageExtensions

ThecoreCSPsyntaxdescribedaboveis veryabstract,andlackscertainusefulfeatures
foundin conventionalsequentialandparallelprogramminglanguages.Theextensions
outlinedbelowareusefulfor writing moredetailedspeci®cations.

Sometimeswede®neprocesseswith parameters,suchas

BUFF
�

in � out�

� in � out � BUFF
�

in � out�

This is a process-schema,ratherthananactualprocess.It de®nesa CSPprocessfor
eachcombinationof parametervalues.CSPparametersmaybeintegers,realnumbers,
events,sets,matrices,etc.

A communicationis a specialtypeof eventdescribedby a pair
"

��� , where
"

is the
nameof thechannelonwhich theeventtakesplace,and � is thevalueof themessage
thatis passed.

Thesetof messagescommunicableonchannel
"

is de®ned

type
�#"

�

�

�

�

�

"

���

�

�	�

Inputandoutputarede®nedasfollows. A processwhich®rstoutputs� onchannel
"

, thenbehaveslike � is de®ned
�#"��

�

�

�

�

�

�#"

���

�

�

�

Outputsmay involve expressionsof parameterssuchas �

�

� �

�

"��

� � � � . The
expressionsareevaluatedaccordingto theappropriatelaws.

A processwhich is initially preparedto input any value � communicableon the
channel

"

, thenbehavelike �

�

� � is de®ned.
�#"��

� �

�

�

� � �

�

���

� type
�

�

�

�#"

���

�

�

�

�

� �

It is usualfor acommunicationchannelto beusedby atmosttwo processesatany
time: onefor inputandtheotherfor output.Howeverthisrestrictionis notenforcedin
themodernversionof CSP.

Anotherimportantaspectto realprogramminglanguagesis theuseof conditionals.
Let

�

bea booleanexpression(eithertrueor false).Then
�	�

��


� (ª � if
�

else � º)

is aprocesswhichbehaveslike � if thevalueof expression
�

is true,or like � other-
wise.

Theseextensionsareusefulfor specifying®nedetailduringthelaterstagesof pro-
gramre®nement.At thedesignstageweshalltendto stickto abstract,non-determinis-
tic de®nitionsof processes.Thedeadlockissuewill beaddressedat this point. In this
way we shallbuild robustprogramsfor which deadlock-freedomcannotbe compro-
misedby implementationdecisionsmadeata laterstage.
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1.5 DeadlockAnalysis

Terminology and FundamentalResults

Theproblemof theªdeadlyembraceºwas®rstreportedby E. W. Dijkstra relatingto
resourcesharing[Dijkstra1965]. It hasproveda populartopic of researcheversince.
Mostof theearlywork waspresentedin aninformalmanner, for instance[Chandyand
Misra1979],largelyduetothelackof asuitablemathematicalmodelfor concurrencyat
thetime. But in 1985-86,S.D.Brookes,A.W.RoscoeandN.Dathipresentedsomepow-
erful techniquesfor reasoningaboutdeadlockbaseduponthesolidmathematicalfoun-
dationsof CSP. A majorbene®tof theirapproachis thatit reliesonly on localanalysis
of pairsof processes,andsimpletopologicalpropertiesof thenetworkcon®guration.
Thismakesit suitablefor analysingnetworksof arbitrarysize.Theterminologyintro-
ducedhereis takenfromthefollowing sources:[BrookesandRoscoe1985b],[Roscoe
andDathi1986],and[BrookesandRoscoe1991].

We considera network, � , which is a list of processes��� � ����� ���

*

# . Associated
with eachprocess�

+ is analphabet�

�

+ . Thecorrespondingprocess,)

*

+(,

�

�

�

+

�

�

�

+

� ,
is denotedPAR( � ).

We view a networkasconsistingof a staticcollectionof everlastingcomponents.
Parallelprogramsdonotneedto terminatetoproduceusefulresults,anddeadlockanal-
ysis is simpli®edif we cancastterminationaside.Henceforthwe shallonly consider
processeswhich arenon-terminating,i.e. they neverperformthe event � (although
theymaystill beconstructedfrom sub-processeswhichdo terminate).

A process� candeadlockaftertrace � if andonly if
�

�

�

� �

� failures
�

�

� . Wesay
� is deadlock-freeif

�

�

� traces
�

�

�

�

�

�

�

� � )

� failures
�

�

�

Note that this de®nitionof deadlock-freedomalsoexcludesany processwhich can
diverge (by axiom7 of the failuresmodel),which seemsreasonableasdivergenceis
everybit asundesirableaphenomenonasdeadlock.Network � is saidtobedeadlock-
freeif theprocessPAR( � ) is deadlock-free.

Thefollowing lemmadescribeshow individual sequentialprocessesmaybecon-
structedfreeof deadlock.Usedin conjunctionwith thealgebraiclawsof CSP, it also
enablesusto provedeadlock-freedomfor certainsmallnetworksof processesby man-
ipulationinto asequentialform. Unfortunatelythis techniquedoesnotscaleatall well
to largenetworksbecausetheresultingCSPtermsusuallyincreasein lengthin amanner
exponentiallyproportionalto thenumberof processeswhichconstitutethenetwork.

Lemma 1 (Roscoe-Dathi1986) Supposethede®nitionof theprocess� usesonly the
followingsyntax

Process � � � SKIP
�

�

�

event� Process
�

�

�
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Process� Process
�

�

�

Process
 Process
�

�

�

Process� Process
�

�

�

���

Process�

�

�

�

name
�

�

�

� name� Process

where ªnameº denotesa processvariable,but � containsno freeprocessvariables,
is divergence-free,andeveryoccurrenceof SKIPin � is directlyor indirectlyfollowed
bya ª � º to preventsuccessfultermination.Then � is deadlock-free�

If everycomponentprocess�

+ of a networkis deadlock-freewe saythat thenet-
work is busy. A networkis triple-disjointif noeventrequirestheparticipationof more
thantwo processes.Weshallrestrictourattentionto networkswhicharebothbusyand
triple disjoint. Thiswill enableusto analysenetworksfor deadlock-freedompurelyby
thelocalanalysisof neighbouringpairsof processes.

Weobservetheconventionthatcommunicationchannelsareusedin onlyonedirec-
tion andbetweenonly two processes.Wecall this theI/O convention.Thisguarantees
thatwhenevertwo processesarereadyto communicateonaparticularchannelthenthe
communicationcango ahead.Sometimes,whenwe arenot concernedaboutthedata
which is communicated,it is convenientto substituteachannelnamefor communica-
tion eventsin aprocessdescription.For instance,wemightwrite

�

� SKIPinsteadof
� �

� � SKIP. This is knownasabstraction. If we canprovefreedomfrom deadlock
for anabstractedversionof anetworkthenthepropertywill alsohold for theoriginal.
A formal treatmentof this is givenin [Roscoe1995].

A networkstateof � is de®nedasa trace � of PAR( � ), togetherwith a sequence
�

�

�
�������

�

*

# of refusalsets
�

+ , suchthatfor each
�

,
�

�
�

� �

�

+

�

�

+

�

� failures
�

�

+

�

We saythata networkstateis maximalif eachof its refusalsetsis maximal,i.e.,
if

�

�

� �

�

�
����� �

�

*

#

� is a maximalstateof � thenfor eachprocess�

+ thereis no failure
�

� �� �

�

+

�




� suchthat
�

+

�


 .
Whenwe considerdeadlockpropertieswe ®ndthatall therelevantinformationis

carriedby themaximalnetworkstates,asthemoreeventsthatan individual process
refuses,themorelikely deadlockbecomes.Sofrom nowon all networkstateswill be
takento bemaximal,asthissimpli®estheanalysis.

Thereis a closerelationshipbetweena networkstateandtheoperationalstatesof
theprocesseswithin. Supposewevisualiseanetworkasacollectionof statetransition
systems± onerepresentingeachprocess.A networkstateis thenratherlike a cross-
sectionof thenetwork.Thetrace � tellsuswhateachprocesshasdonesofar, andeach
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refusalset
�

+ correspondsto a particularstablestateof process�

+ , telling usexactly
whatit is refusingto doon thenextstep.For instancethenetwork

� VM � TD#

for which thetransitionsystemsareillustratedin ®gure1.5,hasa networkstate
�

� coin# � �

� coffee�

�

� coin,coffee�

#

�

which correspondsto thesituationwherethe teadrinkerhasinserteda coin into the
vendingmachine. The vendingmachineis thenin operationalstatetea � VM �

coin � coffee � VM, refusingeventcoffeeandpreparedto accept� coin, tea� . The
teadrinkeris in operationalstatetea � TD, refusing � coin,coffee� andpreparedonly
to accepttea.

Thefollowing lemmacharacterisesnetworkstateswheredeadlockis present.

Lemma 2 (Roscoe-Dathi1986) PAR( � ) candeadlockaftertrace � if andonlyif there
is a networkstate

�

�

� �

�

� ����� �

�

*

#

� suchthat

*

�

+(,

�

�

�

+

�

�

�

+

�

�

*

�

+(,

�

�

�

+

�

This follows easilyfrom thede®nitions.Sucha stateis calledadeadlockstate.
Supposethat,in aparticularstate�

�

�

�

� �

�

� �������

�

*

#

� thereis aprocess�

+ which
is readyto communicatewith ��� , i.e.

�

�

�

+

�

�

+

�

�

�

���

)

�

� �

We saythat �

+ is makingarequestto ��� in state� , which is written

�

+��

�

�
�

�

Wesaythatthis requestis ungrantedif also �
� refusesto respondto �

+ 's request:i.e.

�

�

+

�

�

�
�

� �

+




�

�

This is written
�

+��

� �

��� �

Thesetof sharedeventswithin a networkis knownasits vocabulary, written � .

�

�

�

+
	 ,

�

�

�

�

+

�

�

���

�

Sometimeswe areonly interestedin ungrantedrequestsfrom �

+ to �
� whenneither

processis ableto communicateoutsidethevocabularyof thenetwork,i.e. in addition
to theabove

�

�

�

+

�

�

+

� 


�

�

�
�

�

�

�

�

�

�

�



28 CHAPTER1. CSPAND DEADLOCK

Thenwesaythat �

+ is makinganungrantedrequestto ��� with respectto � . Wewrite

�

+

���

�

� �

� � �

We saythat �

+ is blockedin networkstate� of � if

�

�

� �

+ �

�

� � and �

+ �

�

��� ��� �

+

���

�

� �

���

which meansthat �

+ is readyto engagein a communicationwith at leastoneother
process,but no processthat �

+ wishesto communicatewith is ableto do so. Neither
�

+ nor any processthat it wishesto communicatewith is ableto performany event
outsidethevocabularyof � .

Thefollowing lemmais derivedfrom theabovede®nitions:

Lemma 3 (Roscoe-Dathi1986) If � is a stateof a triple disjoint, busynetwork � ,
then � is a deadlockstateif, andonly if, everyprocessin � is blockedin state� �

Thisresultmaybeinterpretedgraphically. Wede®nethewait-for digraphof anet-
work stateasfollows. It is adigraphwhichhasavertexfor everyprocess�

+ , andarcs
from any blockedprocessto eachprocessfor which it is waiting. Figure1.8 shows
examplesof wait-for digraphs,which illustratelemma3.

Figure1.8: Wait-for Digraphs

No deadlock( ��� and �
	 canrun)

P

P

P P

P

1

2 3 4

5

Deadlock(all processesblocked)

P

P

P P

P

1

2 3 4

5

Wemaydeduceaninterestingfeatureof deadlockstates.Consideradeadlockstate
of abusy, triple-disjointnetwork � . By lemma3 thereisatleastoneungrantedrequest
from everyprocess,with respectto thevocabularyof � . Sostartingwith anyprocess

�

+�� , wemaybuild anarbitrarily longsequenceof ungrantedrequestsasfollows:

�

+
�

�
�

�

� �

�

+��

�
�

�

� �

�

+��

���
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As thereareonlya®nitenumberof processes,�

+ , thissequencemusteventuallyarrive
backata processthatit hasalreadyvisited,i.e thereis acycleof ungrantedrequests

�

+��

�
�

�

� �

�

+

�

�

�

�
�

�

� �

���

�
�

�

� �

�

+

�

���

�
�

�

� �

�

+��

Hencewehaveprovedthefollowing result.

Theorem 1 In anydeadlockstateof a triple disjoint,busynetworkthere is a cycleof
ungrantedrequestswith respectto its vocabulary� .

RoscoeandDathimadeuseof thisfactto establishamethodfor investigatingdeadlock
propertiesof networkswhichinvolvesonly localchecking.Thecrucialideabehindthis
techniqueis asfollows. If a functionis de®nedon thestatesof processesin anetwork
whichis strictlydecreasingalonganychainof ungrantedrequests,thentherecannever
beacycleof ungrantedrequestsandhencenodeadlock.An exampleof usingthistech-
niquewill begivenin thenextchapter.

Theorem 2 (Roscoe-Dathi1986) Let �

� ����� �����(� �

*

# bea busy, triple-disjointnet-
workwith vocabulary� . If thereexistfunctions

�

+ , fromthefailuresof eachprocess�

+

to a strict partial order
���

�

� � suchthat whenever�

�

�

�

� �

�

+

�

�

� #

� is a stateof the
subnetwork� �

+

���
�

#

�

+

�
�

�

� �

��� ���

�

+

� �

� �� �

�

+

�

�

+

� � �

�

�

� �

��� � �

��� �

�

�

� �

then � is deadlock-free.Or if there existsimilar functions�

+ , suchthat

�

+

�
�

�

� �

��� ���

�

+

� �

��� � �

�

+

�

�

+

� �	�
�

�

� �

��� � �

�����

�

�

� �

thenany deadlockstate �

�

�

�

� �

�

�
�������

�

*

#

� of � containsa cycleof ungranted
requests,

�

+��
�

�

�

� �

�

+
�

�

�

�

� �

�����

+����

�

�

� �

�

+��

suchthat

�

+
�

� �

��� � �

�

+
�

�

�

+
�

� �

�

�

+ �

� �

� �� �

�

+��

�

�

+��

� �

� ��� �

�

+
�

� �

��� � �

�

+
�

�

�

+
�

� � �

Theexistenceof acycleof ungrantedrequestsdoesnotalwaysmeandeadlockhas
occurred.Thecyclemightsubsequentlybebrokenbytheinterventionof aprocessfrom
outsidethecycle.

Deadlock-freenetworksexistthatsometimesdevelopcyclesof ungrantedrequests
andthis theoremis notsuf®cientlypowerfulto provethemso. Dathi's thesiscontains
a hierarchyof strongertechniques,togetherwith a classi®cationof differentlevelsof
deadlock-freedomwhich theymaybeusedto establish[Dathi 1990].
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By treatingcyclesof lengthtwo asaspecialcasewecanarriveatausefulextension
to theorem1. We saythattwo processes�

+ and � � arein con¯ict with respectto � in
networkstate� if eachoneis trying to communicatewith theother, but cannotagree
onwhicheventto perform,i.e.

�

+

�
�

�

� �

��� 
 ���

�
�

�

� �

�

+

A con¯ict isbasicallyacycleof ungrantedrequestsof lengthtwo. It is saidto bestrong
if oneof theprocessesis ableto communicateonlywith theotherprocess.i.e.

� �

�

�

+

�

�

+

�

�

�

� �

�

�

� �

�

� �

�

�

�

�

�

�

�

+

�

Wecall a networkwherestrongcon¯ict canneveroccurstrongcon¯ict-free.

Theorem 3 (Brookes-Roscoe1991) In any deadlockstateof a triple disjoint, busy,
strongcon¯ict-freenetworkthere is a cycleof ungrantedrequestswith respectto its
vocabularyof lengthgreaterthantwo.

Proof. Considerthewait-for digraphof adeadlockstate� of suchanetwork.Starting
atanynode �

+�� wecanform a sequenceof arbitrarylength

�

+
�

�
�

�

� �

�

+��

�
�

�

� �

�

+��

���

with thepropertythat �

+ � , �

+ �

�

� , and �

+ �

�

� areall distinctfor each
�

. Forif �

+ �

�

� hasan
ungrantedrequestbackto �

+
� thetwo processesarein con¯ict andasthis cannotbea

strongcon¯ict �

+ �

�

� mustalsohaveanungrantedrequestto someotherprocess,which
maythenbeselectedas �

+ �

�

� . This sequencewill eventuallycrossitself whichmeans
thattheremustbea cycleof ungrantedrequestsof lengthgreaterthantwo � .

Thepropertyof strongcon¯ict-freedommaybeestablishedby pairwiseanalysisof
processesin thenetworkandin thiswaymaybecheckedfor networksof arbitrarysize.

BrookesandRoscoeusedthisresulttodevelopanothertechniquefor provingdead-
lock freedomby showingthata cycleof ungrantedrequestscannotoccur. This relies
on theprocessesin thenetworkobeyingaratherspecialconditionandsois somewhat
in thenatureof a designrule.

Theorem 4 (Brookes-Roscoe1991) Let �

� ����� ����� � !$# be a busy, triple-disjoint,
strong-con¯ict-freenetworksuchthatwhenevera process� hasanungrantedrequest
to anotherprocess� then � haspreviouslycommunicatedwith � , andhasdoneso
more recentlythanwith anyotherprocess.It followsthat � is deadlock-free.

Proof. Considera deadlockstate� of astrong-con¯ict-freenetwork � . By theorem3
theremustexista cycleof ungrantedrequests,of lengthat leastthree,asfollows:

�

+
�

�
�

�

� �

�

+��

�
�

�

� �

��� �

+

�

�
�

�

� �

�

+
�
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Now supposethatthemostrecentcommunicationbetweentwo consecutiveelements
of this cyclewasbetween�

+�� and �

+��

�

� (whereadditionis modulo
�

± the lengthof
thecycle). Considertheungrantedrequestfrom �

+����

� to �

+�� . �

+�� hascommunicated
with �

+��

�

� morerecentlythanit haswith �

+����

� . This meansthatanystrong-con¯ict-
freenetworkwhichdeadlocksdoesnotsatisfytheconditionsof thetheorem.It follows
thatanetworkwhichobeystheconditionsof thetheoremis deadlock-free� .

This resulthasbeenusedby Roscoeto developa complexandsophisticatedmes-
sagerouting algorithm[Roscoe1988b]. A generalisationof the theoremis given in
[Roscoe1995].

Livelock

In highlevelconcurrentprogramminglanguages,suchasoccam, it is conventionalfor
communicationchannelsbetweentwoprocessestobeconcealedfromtheenvironment.
This canpotentiallycausea form of divergenceknownaslivelock. We saythata net-
work is livelock-freeif it canneverperformanin®nitesequenceof internalor hidden
actions,i.e.

divergences
�

PAR
�

� � � � �

�

� �

Roscoediscovereda usefultechnique(detailedin [Dathi 1990]) for establishingthis
importantproperty. It is describedherein aslightly simpli®edform.

Theorem 5 (Roscoe1982) Suppose�

� � ����������� �"!�# is a triple-disjoint networkof
non-divergentprocessessuchthat for every �

+ in �

�

+

�

�




���

+

�

�

�

+

�

�

���

� � is divergence-free

thenPAR
�

� � � � is divergence-free�

In otherwords,if noprocessin anetworkcaneverperformanin®nitesequenceof
communicationswith its predecessorsthenthenetworkis livelock-free. (This canbe
provedby induction.) This theoremis found to beusefulin manycases,althoughit
requirescarefulorderingof theprocesseswithin thenetworkto beeffective.

Network Decomposition

Thecommunicationarchitectureof a triple-disjointnetworkmayberepresentedby a
communicationgraph. Thisconsistsof avertexto representeachprocessandanedge
to connecteachpair of processeswith overlappingalphabets.Thenext theoremdes-
cribeshowdeadlockanalysisof a networkmaybebrokendowninto theanalysisof a
collectionof smallercomponentsby theremovalof disconnectingedges(seeappendix
B) from thecommunicationgraph.
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Theorem 6 (Brookes-Roscoe1991) Considerthecommunicationgraphof a network
� with a setof disconnectingedgeswhichseparatesthenetworkinto components

�

�

� ����� �

�

� #

If eachpair of processesjoinedbya disconnectingedgeis con¯ict-freewith respectto
� andeachsubnetwork�

� is deadlock-free,thensois � � .

A proofof this theoremis givenin [BrookesandRoscoe1991].
This resultis usefulfor thehierarchicalconstructionof networks.It offersa safe

wayof connectingsubsystemstogetherwithout introducinganyrisk of deadlock.

Hiding

An importantfeatureof reasoningwith CSPis the useof the concealmentoperator,
which enablesus to hide thoseeventsthatwe arenot interestedin. This cangreatly
simplify deadlockanalysisof a network.

Lemma 4 If �

� � is deadlock-free,then � is deadlock-free�

Usedwith CSPlaw1.30,thisresultenablesustoaddextraexternalcommunications
to thecomponentprocessesof adeadlock-freenetwork.Deadlockfreedomwill bepre-
servedaslongasthebehaviourof eachcomponentis unchangedwhentheseeventsare
concealed.

Lemma 5 Suppose� is a network ���
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������� �
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# . Let �
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�




������� �

*




# ,
suchthat

�

+



�

�

�

�

+




�

�

�

+

�

���

+

�

)

�

�

���

�

�

�

+




�

�

�

+

�

�

�

���




�

���

then

PAR
�

� �

� PAR
�

�



� �

*

�

+(,

�

�

�

�

+




�

�

�

+

�

Furthermore, if � is deadlock-freethensois �
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� by applicationof law 1.30
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It nowfollows from lemma4 that �




inheritsdeadlock-freedomfrom � �
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Re®nement

CSPprocessesarerelatedby acompletepartialorder � , whichwedescribedin section
1.2. � �

� meansthateverybehaviourpatternthatis possiblefor � is alsopossible
for � . Wesaythat � is a speci®cationfor � , andthat � is a re®nementof � .

Theoperationof parallelcompositionwith anyparticularprocessis knownto be
monotonic, i.e. order-preserving,with respectto this partialordering(in fact all CSP
operationsare).This leadsusto thefollowing observation.

Lemma 6 Supposethat �

� ������������� � !�# and �




� ���




�

����� ���




!

# arenetworkswhere

�

�

�
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����� ���

�

� �

+

�

�




+

thenPAR
�

� � � PAR
�
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� �

In particularthis meansthatif � is deadlock-freethensois �




. Similarly if � is
livelock-freethensois �




.
Thisresultmakesanimportantstatementaboutthewayin whichweshoulddesign

andbuild concurrentsystems,whichhasalreadybeenhintedat. At thedesignstagewe
shouldspecifyeachof our componentsin asabstracta mannerasis possible.Impor-
tantpropertiesof thesystemasa wholewhichareshownto holdat this stage,suchas
freedomfrom deadlockanddivergence,will bepreservedaswegraduallyre®neeach
componentinto the®nishedproduct.


